We study the motion of a string in the background of Reissner-Nordstrom black hole, in both AdS as well as asymptotically flat spacetimes. We describe the phase space of this dynamical system through largest Lyapunov exponent, Poincare sections and basins of attractions. We observe that string motion in these settings is particularly chaotic and comment on its characteristics. *
Introduction
How strings move through spacetime is a question of central importance in string theory. Understanding how string motion differs from the motion of a particle in the cosmological or gravitational backgrounds may give us key insights and help us resolve various problems associated with classical gravitational singularities. However, in most curved backgrounds string theory is not analytically solvable. It is currently not known how to understand quantum string spectrum (even neglecting loop effects) in various curved backgrounds. Although integrability of string motion has been shown in symmetric coset spaces at classical level [1, 2] . Using the AdS/CFT duality, it has been strongly suggested that these kind of integrability may be extended to the full theory [3] [4] [5] . At a classical level, it was shown previously that the motion of a string on various curved backgrounds is nonintegrable, and string dynamics shows signatures of chaotic motion [6] [7] [8] [9] [10] [11] [12] [13] [14] . In contrast, motion of a test particle in most of these radially symmetric backgrounds is integrable, implying -a string due to its extended nature may show a more complex behavior. Aspects of string dynamics in the background of Schwarzchild black hole has been studied in [15, 16] . In this paper we would review the same, and also look at the interesting problem of classical string motion in Reissner Nordstrom (RN) black hole backgrounds. Other than the chaotic aspects of motion, there are many fold motivations to study string dynamics in a black hole background. For example, scattering of cosmic strings by primordial black holes may have effect on the density perturbations in the early epoch. Additionally, it is conjectured that during the inflationary era, not only longer cosmic strings were preferred entropically, but also the expansion itself might have produced strings of astronomical proportions. A cosmic string of the order of a megaparsec would have observationally testable signatures like lensing etc. The case for a string in Reissner Nordstrom (RN) black hole is also special since it possesses an extremal limit. The extremal RN black hole is interesting because its near horizon limit is AdS 2 ×S 2 , which can qualitatively change the string dynamics leading to interesting features. Extremality is one of the key ingredients necessary for the successful microscopic counting of black hole entropy in string theory, as it allows us more control of the theory. Since we are interested in the chaotic dynamics, it is but natural to investigate how this "determinism" is affected as we move away from extremality.
In this paper, we model a circular classical string in the coaxial configuration in presence of a black hole. Unlike the point particle, a string would have vibrational degrees of freedom and is free to vibrate/oscillate in its plane. This is a key difference and vastly differentiates the dynamics of a point particle and a string leading to interesting consequences. In our setup the string propagates in the direction perpendicular to its plane, and therefore axial symmetry is manifest. As we shall observe, this simple and symmetric set up captures the essential features required to understand string dynamics in non-trivial charged black hole backgrounds.
Ring string in (3+1) dimensional charged black hole background
To describe the dynamics of a string in (3+1) dimensional charged black hole backgrounds we begin with the Polyakov action which governs the dynamics of string
with h ab being the worldsheet metric and G µν the target space metric. X µ are the target space coordinates and the indices ({a, b} = 1, 2) stand for (τ, σ) which we denote as the coordinates on the worldsheet of the string. Our target space metric G µν describes a charged black hole background and may be taken as
where,
for Reissner-Nordstrom (RN) blackhole in asymptotically flat space-time, and f (r) = 1
for the Reissner-Nordstrom (RN) black hole in AdS 4 spacetime, with l as the AdS length. The circular string configuration of our interest drawn in fig.(1) , is described by the following embedding in the target space
where "n" is the winding number of the string along the φ dimension. Substituting the above ansatz in (2.1) in the conformal gauge h ab = η ab , we obtain the following form of the Lagrangian 4) with the equations of motion as 6) here, "E n " is related to the energy of the string which is a constant of motion. Dot superscript implies differentiation with respect to τ , and the prime represents derivative with respect to r. The conformal gauge h ab = η ab yields the following non-trivial constraint
and in the background given by eq.(2.2) with eq.(2.6), it takes the following forṁ
Working out the Hamiltonian equations of motion for the Lagrangian (2.4), we get the following set of coupled first-order linear differential equations.
10) r = πα ′ f P r , (2.11)
13)
14)
where
. We now set the Hamiltonian constraint as H = 0. This comes from fixing the conformal gauge resulting in the equation T ab = 0. Additionally, we also set P t = E n as the conserved energy, which is also the conserved world sheet charge.
The constraint given by eq.(2.8) represents the energy conservation condition for the motion of circular ring in the charged black hole background. It is to be noted that the various possible modes of motion for the ring string are characterized by the solutions r(τ ), θ(τ ) and the radius R(τ ) = r sin θ of the string. Following [15] , the ring string in the AdS or asymptotically flat RN background can be anticipated to have following modes of motion
• Ring string in the asymptotically flat charged black hole background i) The ring string can fly past the black hole and escape to infinity, r → ∞.
ii) The ring string can get back scattered by the black hole before escaping to infinity, r → ∞. iii) The ring string can get captured by falling into the black hole horizon r ≤ 2M.
• Ring string in asymptotically AdS charged black hole background i) The ring string oscillates back and forth around the black hole till eternity.
ii) The ring string completes a finite number of oscillations around the black hole before being captured by it. iii) The ring string completes a finite number of oscillations around the black hole before escaping to infinity, r → ∞.
If the radius R of the string is very small and P θ = 0 to begin with, then we expect the string to behave like a point particle. In this limit, the 'θ' and 'r' degrees of freedom decouple, with initial momentum in radial direction determining if the string would get captured or escape to infinity. Away from this limit we should of course expect deviations from point particle behavior. To see this, we start with an initial configuration such that the energy in 'θ' direction (both kinetic and potential) is more than certain critical threshold. We now embark upon numerically studying the dynamical system. 
Numerical study of the dynamical system
In this section we describe the numerical techniques to solve the equations of motion of a ring string in charged black hole backgrounds. For this purpose, we use fourth order Runge-Kutta scheme which ensures a robust control on the error propagation and accuracy. The accuracy of the solution obtained through the numerical computation is assessed by the constraint |H| < δ for any given time, where δ is the error tolerance defined by the "AccuracyGoal" command in the NDSolve routine. It is to be noted that our numerical scheme is not sensitive to the step size ∆τ in time and thus provides a robust accuracy in computations.
Ring string in asymptotically flat RN black hole background
As described earlier, the ring string in the asymptotically flat charged black hole background follows three asymptotic modes of motion involving either falling in to the black hole, escaping to infinity or escaping to infinity via backscattering. Besides these three modes, there also exists an infinite set of unstable periodic orbits. In figures (2) and (3) we show these three asymptotic modes, as well as several unstable periodic modes of motion of the ring string for different values of charge (Q) of the black hole. The ring string trajectories shown in figures (2) and (3) correspond to the following initial conditions
As shown in figures (2) and (3), there are unstable periodic orbits which demonstrate that the ring string starting a little further away from the black hole oscillates a number of times before reaching it [15] . Furthermore, from these plots we observe that as we increase the black hole charge, the tendency of the string being captured increases, whereas the tendency of the string escaping to infinity decreases for the same set of initial conditions. Additionally, in order to get a better perspective of the string dynamics in asymptotically flat RN black hole background, we adopt the basin-boundary method for coloring the two dimensional slice (r, θ) of the four dimensional phase space (r, P r , θ, P θ ). The two dimensional slice of the initial conditions in (r, θ) is obtained by considering the constraint given by the equation (3.1), which fixes the values of (P r , P θ ) in terms of r, θ, energy E n of the string, and the charge (Q) of the black hole. Figures 4 and 5 depict the basins of attraction of the ring string for different values Q = 0.001, 0.2, 0.45 and Q = 0.50 (extremal value) of the charge of the asymptotically flat RN black hole. We have colored the (r, θ) slice of initial conditions according to different asymptotic modes of motion that the ring string demonstrates. The red colored region in figures 4 and 5 correspond to the case when the ring string passes beyond (r(τ ) < r h ) the radius of horizon (r h ) of the black hole and is captured by it. The blue region corresponds to the case for the ring string getting scattered by the black hole before escaping to infinity (r → ∞), and the green region depicts the case when the ring string flies past the black hole and eventually escapes to infinity. Due to numerical reasons, instead of infinity the condition for escape is considered to be at some large but finite value of r which we take to be r ≥ 200r h . In principle the string may cross this cutoff in one direction and return back, however this will lead to a wrong color for very few points which also follows from the asymptotic behavior of potential in the Hamiltonian given by eq.(2.15). From the basin-boundary diagrams shown in figures (4) and (5) it is clear that there are well defined red, blue and green regions separated from each other by fuzzy boundaries. In order to verify this we magnify the region bounded by yellow box in the figures (4) and (5) . Subsequently it is observed that the green region tends to disappear as we increase the charge of the black hole. This once again implies that the tendency of the string escaping to infinity decreases with the increasing values of the black hole charge. The magnification of the basin-boundary region bounded by yellow box also reveals a fractal structure characteristic to the systems following deterministic chaos -indicating that the dynamics of the ring string in the asymptotically flat RN black hole background is indeed chaotic. 
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Ring string in asymptotically AdS Reissner-Nordstrom black hole background
In this section we describe the dynamics of a ring string in the asymptotically AdS Reissner-Nordstrom (RN) black hole background. Here the three asymptotic modes of string motion involve (i) falling in to the black hole, (ii) oscillating a finite number of times before falling into the black hole, and (iii) escaping to infinity after completing some finite number of oscillations. Again, our goal is to study the string dynamics as a function of the black hole charge, in particular, the near extremal limit. We fix the parameters of our system in RN-AdS background as,
In figure (6) we plot the solution for r(τ ) with initial conditions P r (0) = 3.6, r(0) = 10, θ(0) = 0, where P θ (0) is given by the constraint (2.15). This plot is for different values of the black hole charge Q = (0.001) and Q = (0.45). In the same figure we also show the variation of H(τ ) with time which shows that the numeric constraint H < δ is always satisfied for δ = 10 −10 , confirming the robustness and accuracy of our analysis. Additionally, in figure (7) we have plotted the phase curve in the (r, P r ) plane corresponding to the solutions r(τ ) given in figure (6) . The phase curve seems to densely fill a given region of the (r, P r ) plane showing a rather complex pattern characteristic of deterministic chaotic systems. In particular, we wish to show that the dynamical system of a ring string in the RN-AdS black hole background has a number of properties which indicate that it is hard to predict late time dynamics starting from two close neighboring points in phase space, corresponding to different initial conditions. To explore this further, we study the invariants, largest Lyapunove exponent (LLE) and basin-boundary diagrams for our dynamical system. 
Fixed points
In order to analyze the late time dynamics of a given system it is essential to find out various possible positive invariant sets such as the fixed points, limit cycles etc. of the phase space. The invariant set has the property that every phase space curve starting at any point inside the invariant set remains within it forever. Thus, in particular our objective is to determine the fixed points for the phase space of the ring string in the RNAdS black hole background, whose dynamics is defined by the system of equations (3) . To this end, we first set (ṙ = 0,Ṗ r = 0,θ = 0,Ṗ θ = 0) in the left hand side of the system of equations given in (3). This leads us to the fixed point solution, ( * There is also a fixed point given by ( * P r = 0, * r = ∞, * θ = kπ, * P θ ) for any arbitrary value of * P θ , and can be determined by taking r → ∞ limit in the system of equations given by (3) . For this fixed point if * P θ = 0 then for trajectories with * P r > 0 ( * P θ ), it acts as an attractor (repellor). Furthermore, if * P θ = 0 then at some large but finite value of coordinate r the angle θ changes which in turn leads to a large change in the momentum and P r changes sign, making the ring string to bounce back towards the black hole. Thus in a nutshell the invariant set corresponding to trajectories escaping to infinity has a zero measure which was also observed for the case of a ring string in Schwarschild AdS black hole background in [16] .
Poincare sections
The four dimensional (r, P r , θ, P θ ) phase space for the ring string in RN-AdS black hole background can be reduced to a 3-dimensional space using the energy constraint (2.15) -in particular we set H = 0. This three dimensional manifold can be represented as a family of 2-dimensional concentric tori lying inside each other in a normal three dimensional space. For an integrable system any phase curve with any given initial condition will densely fill a 2-dimensional torus of the three dimensional energy manifold. Then a two dimensional plane in the three dimensional energy manifold intersecting the family of two dimensional tori in the transverse direction would constitute a co-dimension 2-Poincaré section. The Poincaré section may also be visualized as a family of concentric circles in the three dimensional energy manifold. For an integrable system any phase curve starting from a point (lying on a particular circle) on this plane (Poincaré section) would eventually cross it again after traversing the torus resulting in a new point (on the same circle), on the same plane. This is known as the Poincaré map. For a given Hamiltonian system the transition to chaos may be seen as the destruction of the circle in the Poincaré section, in other words the more diffused the Poincaré map for the system, the more chaotic it is. In figure (7) we have plotted the Poincaré sections at θ = 0 corresponding to the solutions r(τ ) plotted in figure (6) with increasing values of the charge Q = (0.001, 0.2, 0.45) and Q = 0.4987 (extremal value of the charge) from top to bottom respectively. We note that the system of a ring string in RN-AdS black hole background is weakly chaotic and becomes increasingly chaotic as we increase the charge of the black hole (i.e. as we approach extremality). Moreover, in fig.(8) we plot the Poincaré sections corresponding to the solutions r(τ ) for fixed value of charge Q = 0.2 with P r = 3.6, r = 10, θ = 0 and increasing values of the energy E n = 11, 11.5, 12. From the plots we observe that as we increase the energy of the ring string for fixed value of charge the area bounded by the Poincaré sections also increases. This indicates that the system becomes more chaotic with the increase in the energy of the ring string for a fixed value of the charge and other initial conditions. Although, we haven't shown the variation of the Poincaré sections for other fixed values of the RN-AdS black hole charge with increasing energy, a similar behavior is to be expected as presented for the case of the fixed value Q = 0.2 of the charge of the RN-AdS black hole.
Largest Lyapunov exponent
One of the characteristics of chaos is the dependence of the solutions on the initial conditions. This implies that if we consider a reference trajectory originating from a point of an invariant subset of the phase space, then we can always find a point in the vicinity of that invariant subset such that any trajectory starting from this point may diverge or converge from the reference trajectory at late times. Now if we consider two neighboring initial points in the phase space of a system denoted by ξ 0 (lying inside an invariant subset) and ξ 0 + δξ 0 (lying in the vicinity of the invariant subset ) then each of these will generate a trajectory in the phase space. These trajectories are functions of proper time interval, and so is the relative distance (∆ξ(ξ 0 , τ )) between them. The convergence of the trajectories at late times indicates existence of stable fixed point (attractor) in the system. However, if they happen to diverge from each other then it would indicate the presence of an unstable fixed point (repellor) in the system. Thus it becomes essential to study the mean exponential rate of divergence of the distance between two neighboring trajectories as a function of proper time which may be given as follows, where λ(τ ) is the Largest Lyapunov Exponent (LLE). In figure (9) we have plotted the LLE as a fuction of proper time corresponding to the solutions r(τ ) plotted in figure (6) -for increasing values of the charge Q = (0.001, 0.2, 0.45, 0.4987). The asymptotic value of this LLE obtained at large times is known as the characteristic Lyapunov Exponent.
In table (1), we show values of the characteristic Lyapunov Exponent for various values of the charge Q = (0.001, 0.2, 0.45) and Q = 0.4987 (Extremal case) of the black hole. From the table we observe that the small asymptotic value of LLE decreases further as we increase the charge of the black hole indicating a stronger rate of divergence of the distance between two neighboring trajectories. This leads us to conclude that our system is weakly chaotic due to small values of LLE obtained at late times, and it also indicates that the system becomes more chaotic as the black hole charge increases. 
Basins of Attraction
For the ring string dynamics in RN-AdS black hole background, we once again adopt the basin-boundary method for coloring the two dimensional slice (r, θ) of the four dimensional space (r, P r , θ, P θ ) of initial conditions. The two dimensional slice of the initial conditions in (r, θ) is obtained by considering the constraint P r = 0, which in purpose fixes the value of (P θ ) in terms of (r, θ) , energy (E n ) of the string, AdS scale (l), and the charge (Q) of the black hole. The figure (10) (10) corresponds to the case when the ring string passes beyond (r(τ ) < r h ) the radius of horizon (r h ) and is captured by it. The green colored region depicts the case when the ring string is scattered by the black hole before escaping to infinity (r → ∞). In this case due to numerical reasons, instead of infinity the condition for escape is considered to be at some large but finite value of r which corresponds to r ≥ 100r h . Here too, the string may cross this cutoff in one direction and return back, however this will lead to incorrect coloring for very few points which follows from the asymptotic behavior of the Hamiltonian given by eq.(2.15). From the basin-boundary diagrams shown in figure (10) it is clear that there are some well defined red and green regions which are separated from each other by boundaries which look fuzzy. For precision, we magnify a particular bounded region in figure (11) with the r-coordinate lying in the range [6.5, 7] and θ-coordinate within the range [0.835, 0.955]. From the magnified region of the basin boundary diagrams we observe that the red region tends to disappear as we increase the charge of the black hole. This implies that the tendency of the ring string getting back scattered by the back hole increases with increasing values of the black hole charge. The magnification of the basin-boundary region also reveals a fractal structure characteristic to the systems following deterministic chaos. This in turn indicates that the dynamics of the ring string in RN-AdS black hole background is chaotic, and becomes more so with increasing values of the black hole charge -as elucidated earlier by studying the Poincaré sections and the Largest Lyapunov exponents for the system.
Summary and Conclusions
In summary we have investigated the dynamics and phase space behavior of a ring string in both -asymptotically flat and the asymptotically AdS, Reissner-Nordstrom black hole backgrounds. We numerically solved the set of nonlinear coupled differential equations governing the string dynamics.
In the case of a ring string in asymptotically flat charged black hole background, it is observed that the dynamical system follows three dominant asymptotic modes involving either falling in to the black hole, escaping to infinity, or escaping to infinity via backscattering. Additionally, the ring string can also follow an infinite set of unstable periodic orbits. In order to determine the degree of chaos in the system, we studied the basin boundary diagrams by coloring the two dimensional slice (r, θ) of the four dimensional phase space (r, P r , θ, P θ ) of initial conditions depicting different modes of motion. From the basin diagrams it was observed that the tendency of the ring string escaping to infinity decreased with increasing values of the charge of the black hole. Remarkably, the magnification of the basin-boundary region revealed a fractal structure characteristic of deterministic chaos showcasing that the dynamics of the ring string in the asymptotically flat RN black hole background is indeed chaotic.
In the case of a charged black hole in asymptotically AdS background the behavior is quiet different -it involves either falling in to the black hole, oscillating a number of times around the black hole before collapsing into it, or escaping to infinity after completing a certain number of oscillations. We analyzed this dynamical system by studying the invariant set (fixed points) of the system, largest Lyapunov exponent (LLE), and the usual basin-boundary diagrams. It was observed that the invariant set included a fixed point located well behind the event horizon for all possible values of charge Q of the black hole without any possibility of it being an attractor or a repellor. However, analysis of the Poincaré sections for this system further revealed that the map gets more diffused with increase in the charge of the black hole. This indicates that the dynamics of the ring string in RN-AdS black hole background is weakly chaotic and the degree of chaos increases along with charge of the black hole (i.e. upon approaching the extremal limit). The basinboundary diagrams for the system also point towards the same result. Additionally, we also conclude that the tendency of the ring string getting back scattered by the back hole increases with the increasing values of the charge of the black hole. Lastly, we examined the largest Lyapunov exponent (LLE) for this system which corresponds to the mean exponential rate of divergence of the distance between two neighboring trajectories as a function of proper time. We observed that the small asymptotic value of LLE decreased further as the charge of the black hole is increased, indicating a stronger rate of divergence of the distance between two neighboring trajectories. Therefore, all our investigations regarding a ring string in the charged black hole background, with asymptotically AdS boundary conditions, point to a weakly chaotic system characterized by small values of LLE obtained at late times -with the feature that the system becomes increasingly chaotic as the charge is increased towards extremality. Needless to emphasize, it would also help to understand such string dynamics from a holographic perspective, which we hope to address in future.
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